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Abstract. Westudyt.hcrelation betweenmultiplicity-freesymplecticmanifoldsand
themultiplicities ofgrouprepresentationsobtainedbygeometricquantization. With
thehelpofageneralequivalencetheoremwecanprovea conjectureofGuillemin and
Sternbergin thecompactKähler case.

0. INTRODUCTION

Quantizationattemptsto associateaHubertspaceXquantum to agivenclassicalphase
space,a symplecticmanifold (X, w) , along with a map 6 from the classicalobserv-
ables,realfunctionson X , tothequantummechanicalobservables,hermitianoperators
on Xquantum. The Heisenberguncertaintyprinciple forces 6 to obey the Dirac quan-

tization rules,i.e. 6 shouldbe an algebrahomomorphismwith respectto thePoisson-

bracketon functionsandthecommutatorof operators(up to a factor ~/~i by physical
convention).

Thetheoryof geometricquantizationworksthisOut in manyphysicalrelevantcases,

while fulfilling mathematicaldemandsonrigour(see[Wo] or[Ki] for thestateoftheart).
An importantfeatureof a sensiblequantizationis to representa symmetrygroup

of X unitarily on Xquantum. Propertiesof the classicalactionshouldbe reflectedby
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its quantizedversion. For example, if a compactgroup K acts transitively on X

thereare only trivial K -invariantclassicalobservables.By Schurslemma the same
physicalpropertyfor a quantumsystemmeansthat the K -representationis irreducible.

Geometricquantizationdiscoversthe precisemathematicalcorlncclion via the Borel-

Weil theorem(seethe remarksin Section5).

If the representationof K is multiolicity-free, i.e. the multiplicity of every irre-
duciblerepresentationof K in Xquantum is oneor zero,then K providesuswith <good

quantumnumbcrs>,sincethe algebraof bounded K -invariantoperatorsis comm~.i-

tive.
<<Dequantizing>>thisproperty,GuilleminandStembergdefinea K -actionon a sym-

plectic manifold to be multiplicity-free if thePoisson-algebraof smooth K-invariant
functions 8(X) K is abelian.Connectingtheclassicalandquantummechanicalnotions

they prove([0S2]):

THEOREM. (Guillcmin-Stembcrg)Let Q bea manifoldand K x Q —* Q a smooth

actionof a connectedcompactLiegroup. Then thefollowing areequivalent:

(I) The actionof K on TQ is multiplicity-free.

(2) L~(Q) , thespaceofsquare-intcgrable~- -densitieson Q , is amultiplicity-free

K -representation.

Besidesmicrolocal analysisof pseudodifferentialoperators,theproofusessomegeo-
metricalinsightsgivenbythemap~: TQ—~k, ~(x)(X) = O(X)(z) ,where 0

is thecanonical I -form on TQ and X is in the Lie algebrak of K. To generalize

this, it is commonto call anaction of a Lie group C on a symplecticmanifold Poisson
if thereexistsa C -equivariantmap p : X —* ~ suchthat thenegativeskew-gradient

of ~ = X o (p is thefundamentalvectorfield associatedto X in ~ - Such a map is

calleda momentumfor the C-action.
Motivated by the abovetheoremGuillernin and Stembcrgconjecture:

Let K x X —* X be a Poissonaction and K —÷ U( Xquantum) the representation
providedby geometricquantization.Then:

X is multiplicity-free

~t==~~ Xq~ttj~is a multiplicity-freeK-representation.

In this paperwestudythis conjecturewith thehelpof two equivalencetheorems,which
translatethe notion of a multiplicity-free spaceinto the languageof algebraicgroup
actionson complexalgebraicvarieties,we provedin [Wu] (seealso [HWuD.Thisgives

a shortproofof thetheoremof Guillemin and Sternbergand clarifies thesituationin the
compactKählercase.In fact we canprovehere the following modified versionof the

conjecture:
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THEOREM. Let (X,w) bcacompactKahlermanifold,[w] E H~R(X,Z)and L =

L(w) a holomorphicline bundlewith first Chemclass [c
1(L) I = [w]. Let K x

X — X bea Poissonactionof a connectedcompactgroup K of holomorphicauto-

moiphismsof X. Thenthefollowing arc equivalent:(1) K actsmultiplicity-freeon

X. (2) T0 (X, L~), thespaceof holomorphicsectionsof L”, is a multiplicity-free

representationof K [oral! n ~ 0

Wegive anexampletoshowthatonly assumingXqu~tum= F’0( X, L) tobeamulti-
plicity-free representationdoesnot imply that K actsmultiplicity-free on X

In short,the organizationof thepaperis asfollows:
Definitions andbasicusefulfactson sphericalcornplex varietiesare given in Section

In Section2 we merelystatetheequivalencetheoremin the homogeneouscase,but

give thedetailsof theproof in thecompactKählercase,sincewe needsomefine piece

of thecomplexanalyticinformation foundthere.
Applyingtheequivalencetheorem,weprovethe theoremof GuilleminandStembcrg

in Section3, along with aneasyintertwininglemmaon natural representationsrelated
to homogeneousspaces.

Preparatorymaterialon liftings of actionsto bundlesis the contentof Section4.
In Section5 westudy the conjecturein the compactKählercasein detail, e.g. we

deriveuniquenessof thequantizingbundle in the multiplicity-free situation,and prove
theabovetheorem.

Thiswork ispartof my doctoralthesisat theRuhr-UniversitätBochum.I would like

to thank A.T. Huckleberryfor valuablesuggestionsanddiscussions.

1. SPHERICAL VARIETIES

In non-commutativeharmonicanalysisof compactLie groupsthe n-sphereS’~=

SO ( n+ I, R)/ SO(n, R) = K/L exhibitspropertieswhichareverysimilartothecom-
mutativecaseof compacttori (S’) m; in facttheconvolutionalgebraC°( L\K/L) of

L-biinvariant continuousfunctionson K is commutative.Sincethe schoolof Gelfand
noticedthe representationtheoreticrelevanceof this property, suchpairs (K, L) of a

compactLie group K and a closedsubgroupl~arecalledsphericalor Gelfand-pairs.
The following characterizationis well-known(seee.g. [DI):

THEOREM 1.1. Let K be a connectedcompactLiegroupand L a closedsubgroupof

K. Thenthefollowing areequivalent:

(I) (K,L) isaGelfa.nd-pair.

(2) L
2 ( K/L) , thespaceofmeasurablefunctionson K whichaiesquareintegrable

with respectto the Haarineasureon K andalmost-everywhereright-L -invariant, is a
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1I)1]l:’I(I/~iI(- cc K -rprc.s’cntation.

(~) dun ~.~‘ = dim {v E V . v = v V1 E L} < 1 for all irreducible complex

~cof K

Sincellic~ct K of irreducibleunitariancomplexrepresentationsof K and the set

Kr of irreducibleholomorphicrepresentationsof the complexificationKr of K are
Ilie same, it is hOt surprisingthat the representationL

2(K/L) canbe realised in a

ilolomorpllic way:

LEM MA 1.2. Let K be a compactconnectedLie group, L a closedsubgroupof K

and H : = L2 ( K/ L). Denotethespaceof regular functionson theaffinealgebraic

variety K ~/L ‘~ by V = 0alg ( K ‘r /L CE) . Then themultiplicitics of an irreducible

representation8 ~ k = k ~ fulfil:

m~(H)= mt(V)

Proof For the isotypicalsummandwith respectto 6 we have OaIg(KCE)(o) W®

W as a Kr x KCE~n1odule,where W E 6 and K~’x Kr acts by left and right

translationon Kc . It follows:

= [O(Kr)(~)]1~ = (W ® W)~~= W ® (W)Lt

i.e. mt(V) = dim(W)’~.

Analogouslywehavethe following L2 -versionof Frobenius-reciprocityfor the K -

actionon H , which is inducedby thetrivial actionof L on 1t (seee.g. [Dl):

m
6(H) = dim W’~= dim(W)’~

By the identity principlefollows (W) L = (W) L~ andthus

m6(V) = m,~(H)

Thereforea pair (K, L) is a Gelfand-pairiff
0alg(Kr /L CE) is a multiplicity-free

Kr~representation.

It is not difficult to seethat Oaig(Z) of an affine algebraicKCE~varietyis a multi-

plicity-free representationiff everymaximal connectedcomplex solvablesubgroupof

Kr , shortly a Borel group in thesequel,hasanopenorbit in Z (seee.g. [Kr]).
This intrinsic geometriccondition is fixed by the following definition:



ON A CONJECTURE OF GUILLEMIN AND STERNBERG IN GEOMETRIC QUANTIZATION... 541

DEFINITION. An algebraicvarietyZ with an algebraicactionof a reductiveLie group

Kr is calledsphericalifeveryBore!groupof K CE hasan openorbit in Z.

Well-knownclassesofexamplesarethetorusembeddings,i.e. varietieswithanaction

of an algebraictorus ((E’)’~ such that thereis an openorbit which is isomorphicto
(~E*) , andhomogeneous-rationalmanifoldsKr/P , whereP containsa Borelgroup

of K1 . The lattercasegeneralizesthe flag manifolds,where Kr = SL(n, (t) =

SU(n, ~)CE

Homogeneousvarieties Kr/H, where H is an algebraicsubgroupof K” , are

affineif H is reductive.Thusin thegeneralcasetheregularfunctionson K1/H must
bereplacedby sectionsin appropriateholomorphicbundles.Wecall a holomorphicline
bundle L -~ K1/H a homogeneousline bundleif K” actsholomorphicallyon the

total spaceof L suchthat ir is equivariant. In thehomogeneouscasethe following

statementis useful:

THEOREM 1.3. For a connectedcomplexreductiveLie group K~ and an algebraic

subgroup H the followingareequivalent:

(I) Kr/H isspherical
(2) The spaceF

0 ( Kr /H, L) ofholomorphicsectionsis a multiolicity-free Kr -

representationfor all K
1 -homogeneousholomorphicline bundlesL on K1 /H.

(3) For all projective Kr -varieties Z which are open K1 -equivariantembed-

dingsofK”/H ,i.e. Kr/H ~—+ Z, thenumberof K1-orbits in Z isfinite.

Theproofof (1) ‘~ (2) isfound in [KV] andof (2) .~ (3) in [A].

2. THE EQUIVALENCE THEOREMS

To relatethenotionof a sphericalvarietywith thesymplecticsettingwehaveinmind,

thefollowing obviousdefinition is a usefulshorthand:

DEFINITION. Let (X,w) bea Kählermanifoldand K a connectedcompactLiegroup

which actssmoothlyon X. Theactionis calledKäbler-Poissonif thefollowingcon-

ditionshold:
(I) K actsa groupofbiholomorphictransformationsofX.

(2) The K -actionisPoissonwith respectto w.

Weremarkthata varietyKr/H , whereK is analgebraicsubgroupof Kr , canal-
waysberealizedasa quasi-projectiveK1 -orbit ina suitablecomplexprojectivespace.

Thus K”/H inheritsa Kähler structuresuch that K actsKähler-Poisson.
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lii Wii] (seealso[HWu}) we provetheequivalenceof thesymplectieandthealgebro-

t~eonietnc conditionsunderconsideration:

TI IEOREM 2.1. Let K bea connectedcompactLie group, K CE the complexification
of K and If an algebraicsubgroupof K CE Then the followingconditionson X =

K CE /H arc equivalent:
(1) X is amultiplicity-freesymplccticK -spacewith respectto a Kählerstructure

suchthat K actsKähler-Poissonon X.
(2) X isa spherical Kr -variety.

REMARK. The proofinvolves theobservationthatthe propertymultiplicity-free canbe

characterizedby the following group theoreticalcondition:

codim~K/L = codimT TL

where L denotestheprincipal isotropy subgroupof the K-action on X and the right
handof theequationis definedasthecodimensionof amaximaltorusof L in amaximal

torusof K. This is obviouslyindependentof thechosensymplecticstructureon X.

Sincewe needsomedetail factslateron we provethe analogousresultsin thecompact
Kählercaseexplicitely.

Forthestudyof holomorphieautomorphismsof acompactcomplexmanifold X it is

importantto look at theAlbanesc-mapi~ : X —÷ Alb(X) , where Alb( X) is acom-

pactcomplextorusand iJ~aholomorphicmap,bothof themareuniqueby theuniversal

property,that every holomorphicmapfrom X to a compactcomplextorusfactorsover

tIj~ (see[B] for the constructionof Alb(X) and ~). Universality implies that i,b~

is equivariantwith respectto Aut0(X) , the group of biholomorphictransformations

of X and henceinducesa morphismof Lie groups j~: Aut0(X) —~Aut0(Alb(X))

andamorphism ~ of the respectiveLie algebras.

In the KahlercaseFujiki provesthat the subgroup(kernelj~)° of Aut0(X) with

Lie algebraker ~ carriesthe structureof a linearalgebraicgroup ([F]). Thus the fol-
lowing definition is natural:

DEFINITION. Thekernelof ~ isdenotedby £(X) , theLie algebraoflinear vector
fieldson X.

LEMMA 2.2. Let X bea compactKählermanifoldand K x X —~ X a Kähler-Poisson

actionofacompactLiegroup K. Then K acts4inearIy~on X , i.e. ~ —* £(X)

Proof Weassumewithout loss of generality,that K actsalmost effectively on X

Since K actsas a groupof biholomorphictransformations,the Lie algebra k is re-

alized as a real subalgebraof F0(X,TX) = aut0(X) . By the Poisson-assumption
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everyfundamentalvectorfield X of the K-action is thenegativeskew-gradientof the

momentum-component~ := ‘1~(x)(X). ThecompaetnessofX impliesthatthe
function

1~X hasextremaon X and thus X haszerossince dci.~(Y)= w(X,Y)

for all realvectorfields Y . By theequivarianceof iJ~theinducedholomorphicvector
field ~ ( X) hasa zeroon Alb ( X) andthereforevanishesidenticallyonthecompact
complextorus Alb ( X) . .

COROLLARY 2.3. Let X be a compactKählermanifoldand K x X —i X an almost-

effectiveKähler-Poissonactionofa compactLiegroup K. Then thecomplexification

K
1 of K actsholomorphicallyandalmost-effectivelyon X.

Proof Since Aut
0(X) is a complexLie group,it is enoughto show:

(*) k flik = {0} inaut0(X)

Thecompactgroup K actsunitarilyon thecomplexvectorspacek ÷i h andtherefore
ad : k fl i k —~End(k flik) is trivial, i.e. k fl i k is abelian.

Wedefine A := exp(h fl ik) C K and 1’ := A,thetopologicalclosureof A in

K. T is a compacttorus,sincethe abeliangroup A is densein T.
By theBorel fixed pointtheoremfor Kählermanifolds([So]), theabeliangroup A,

which actslinearlyon X , hasacommonfixed point x0 in X. Thetopologicalclosure

T thenalsofixes x0 . Wechooser >0 suitable,suchthat U := {x E X d(x,x0) <
is separatedby the boundedholomorphicfunctionson U. For z in U we have

A.x c T . z C U , since U is T-stable.
Since A . x isboundedholomorphicseparableandtheuniversalcoveringof A. x,

a numberspace (t~, hasonly constantboundedholomorphicfunctions, A actstrivial

on U andthus,bytheidentityprinciple,onX ,i.e. k flik = {0}.

WeremarkthattheexampleK = X = compactcomplextorusshowsthat thecorol-
lary doesnotholdwithout thePoisson-assumption.

ThEOREM 2.4. Let X be a compactKähler-manifoldand K x X —+ X a Kahler-
Poissonactionofa connectedcompactLiegroupon X. Thenthefollowingare equiv-

alent:
(1) X is a multiplicity-freesymplccticK-space.
(2) X isprojectiveandsphericalwith respectto the K” -action.
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Proof (1) =~2)
We may assumewithout lossof generalitythat K actsalmosteffectively. In the

Kählercasetheskew-complementof a subspaceV C T~X

{w E T1X w~(v,w)= 0 Vv E

andtheortho-complement

V’ := {w E T1X wlv Vv E V}

are relatedby V’ = J( V’~), where J denotesthealmostcomplexstructureon X.
Sincethe K -orbit of a genericpoint x inamultiplicity-freespaceX iseasily seen

to be coisotropie,(I~LK. z) L C T~K.z, (see[OSI] or [Wu]), the aboveformula for

V=T~Kx shows

TxX_TzK.x~(TzK.x)±=TxK.x~J(TxK.zL)

=T~K.x+J(T~K.x)

Togetherwith Corollary 2.3 this implies that KCE .i is openin X. The equivariance

of i~ implies on onehand that ~~(K
1 . x) = Alb(X) while on the other hand

Kr actslinearly by Lemma2.2. Thus the Albanesetorusreducesto a pointand from
dim ~ Alb(X) = +b

1(X) = ~ dimR H~R(X,R) it follows that the first Betti number
of X mustvanish.

Wecannow apply a theoremof E. Oeljeklaus([0]):

Let X be an almost-homogeneouscompactKählermanifoldwith b1 (X) = 0
Then thefollowinghold: thecohomologyoftheholomorphicstructuresheafvanishes:

JP(X,O) = 0 for i ~ 1, ir~(X) = 0, and X is Aut0(X)°-equivanantlyembed-

dedin someprojectivespace.

Thus we canapplyTheorem2.1 to theopenorbit K” ~x and it follows that K” .x

and henceX itself is spherical.

(2) =~. (I)

Since X is spherical,a fortiori K
1 has an opendenseorbit KCE . z in X. By

Theorem2.1 K” . x is multiplicity-free and thedensenessof K” . x implies that

E(X) K is also abelian.

3. THE COTANGENTBUNDLE CASE

In this sectionwe apply theequivalencetheoremsof Section2 to give a shortproof
of thetheoremof Guilleminand Sternberg.
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THEOREM 3.1. (Guillemin-Sternberg)Let K be a connectedcompactLie groupand

L a closedsubgroupof K. Considerthenatural K -action on T*( K/L), whichis
Poissonwith respectto the canonicalsymplecticstructure. Then the followingcondi-

(ionsare equivalent:(1) T( K/L) isamultiplicity-free K-space.(2) L2 ( K/L) is

a multiplicity-free K-representation.

Proof Following Mostow(Lemma4.1 in [Mo2] appliedto theresult of Theorem3
in [Mol] in oursituation)we identify T(K/L) K-equivariantly with K”/L”

By anaffine embeddingwecanequipthe latterwith a Kählerstructuresuchthat K

acts KithIer-Poisson. As we remarkedafterTheorem2.1 thecondition<<multiplicity-
free>> is independentof the chosensymplecticstructureon a fixed differentiablemani-

fold.
Thusweget:

T~(K/L) is a multiplicity-free K-space

~ K” /L” is a multiplicity-free K -space

~ K”/L” is a sphericalvarietyby Theorem2.1
4==~’ Oatg(KCE/Ll) is a multiplicity-free K1-representationby the remarks

afterLemma1.2

~ L2 ( K/L) is a multiplicity-free K-representationby Lemma1.2.

REMARKS. (i) If we consideran arbitraryC~-manifoldQ , a configurationspace,with

asmoothK-action , then K actsinaPoissonfashionon X = T*Q asagroupof point-

transformations.Both of theconditionsinTheorem3.1 imply that Q is homogeneous;
this is provedfor (1) in [GS2] andis obviousfor (2). Thuswe haveonly to considerthe

abovecase Q = K/L.
(ii) In [GS2ItheauthorsconsidertheHilbert spaceL2

1 (K/L) of square-integrable

i-densitieson K/L , which isthenaturalgeometricquantizationof averticalpolarized

cotangentbundle (see[Wo]). Forsakeof completenesswe show the equivalencewith

our representation.

LEMMA 3.2. Let K bea connectedcompactLiegroupand L a closedsubgroupof K.

Thenthereexistsa K -equivariantintertwiningisomorphism:

L~(K/L).ZL
2(K/L).

Proof Let ~ betheuniquepositivemeasureon K/L with:
(i) ~ is K-invariant

(ii) fK/1. f d~= JK 7f f dk, where ir : K —~ K/L denotesthecanonicalprojec-
tion and dk the normalizedHaarmeasureon K.
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It is easily seenthat L2(K/L,dp) is K-cquivariant unitarily equivalent to

L2 ( K/L) := L2 (K, dk)L~Since the measurep is a Lebesgue-measureon K/L,

i.e. in local coordinatesp is representedby a measurewith a non-vanishingsmooth
Lebcsgue-density,p is a K-invariant trivializing sectionof the bundle i~ of I-

densities,which is definedby the transition functions ~ ‘ , where ~ are the tran-

sition functionsof thecanonicalbundle ~ = K/L T*(K/L) . Since the i-density-

—bundle ,~,definedby the transitionfunctions 1f
111

4 = ~/i7~.Iisalso K-equivariant

trivial, we find a K -invariantnon-vanishingsection of ic suchthat =

p.
Thuswe getan intertwiningoperator

L~(K/L)—~L2(K/L,dp)

by

= f . I..

which is an K -equivariant isomorphismof Hilbert spaces. •

4. LIVFING OF REDUCTIVE GROUP ACTIONS TO HOLOMORPHIC LINE
BUNDLES

A well-known drawbackof geometricquantizationis the factthat a givensymmetry
group K of a symplecticmanifold may not lift to an actionon thetotal spaceof the

quantizingline bundle;it canhappenthat only the universalcoveringof the group acts

on thebundlespace.Thismaydestroythe compactnessof the symmetrygroup,if K is
not semi-simple.In orderto assureus in the next sectionthat in our casesthis doesnot

happenwe collect heresomepreparatoryresultsof a moretechnicalnature.
Let X beacompactcomplexmanifold and L aholomorphicline bundleon X . We

definethe stabilizerof the element[LI in H’ (X,O~), the setof equivalenceclasses

of holomorphicline bundleson X

GIL] := {g E Aut
0(X) I g*L ~ L}.

For g in G~ thereis a holomorphicbundle isomorphism L -~-*g’L and one has the
following diagram:

9

-~

L —‘ gL —i L
g P.

.1. .L
X~X-~4X

9
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i.e. thereis a bundleautomorphism~ of L over g. The complexLie group ~{Ll

L —* L ~ is an invertibleline bundlemapping} is canonically mappedinto

GtL] . This homomorphism p is surjectiveby the aboveconstructed ~ for a given
g in GtL]. The kernelof p consistsof the CEt-multiplication on the line bundleand

is thuscentral in CtLl

LEMMA 4.1. Let K1 bea reductivesubgroupof GIL] . Thenit existsa finitecovering
K —* K suchthat kr iscontainedin CtLI and p(Kr) = K1.

REMARK. Thiskind of resultis useful,sincegiven analmosteffectiveactionof acom-
pactgroup K on X , wecanreplace K by K andweneitherloosecompactnessnor

almost-effectivity,but thenewgroup K actsequivariantlyon thetotalspaceL andthe
base X.

Proof Thesequence

—
0-4CE

inducesthe sequence

Thehomomorphismp mapsthe radical R of p~(K”) , i.e. themaximalconnected

solvablenormal subgroupof p’(K”) , surjectiveon the radical of K” , which by

reductivityis isomorphictosome ((E*) ~. As acentralextensionof ((E*) R is nilpo-
tent.

Let ~ denotetheuniversalcoveringof R and Z resp. Z the centersof R resp.

R. We havethe following diagramof homomorphism:

R ~ ((E*)i/r

~- R/Z

Theexistenceof thesurjectivefactorizationhomomorphism T follows by thecentrality
of ~E’ in R. Since R/Z is topologically acell, T mustbe trivial, i.e. R is abelian.

Providedthis fact, aLevi-Malcevdecompositionof p~(Kr) yields: p~(K”)
((E~)~. S,whereS is semi-simpleand ((E~)m fl S is finite. Wedecomposefurther:
(CE .)~ = (ker p) (CE )1 and set K := (S1)’ . K~, where K~is a maximalcompact

subgroupofS. Itfollowthat K1 = ((E.)l .S~KCEisafinitecovering.
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LEMMA 4.2. Let X bea compactKählermanifoldand K” a conncctcdreductiveLie

group, which actslinearly on X, i.e. h CE ~ £( X) (seeSection2 for thenotion of

linearvectorfields on Kählermanifolds). Thentheactionof K CE can be lifted to any
holomoiphicline bundle L on X.

REMARK. By alifting we understandhere,that it exisLsa finite coveringof KCE , which

acts equivariantlyon L and X.

Proof A well-knownresultsaysthat thegroup (ker .i~)°with Lie algebra £(X)

actstrivial on k’(X, 0*) (seee.g. [Ma]). Thus wecanapplyLemma4.1 to thereduc-

tive group K” C (kerj~)°C GIL] . .

COROLLARY 4.3. Let X be a compactKählermanifoldand K x X -~ X a Kählcr-
Poissonactionofa connectedcompactLie group. Thentheactionof K CE canbelifted

to anyholomorphiclinebundleon X.

Proof By Lemma2.2 K” actslinearly on X .

S. THE COMPACT KAHLER CASE

In this sectionwe considerthe caseof compactKählermanifolds. Applicationof the

equivalencetheoremyieldsaproofof amodified version(seeTheorem5.3) of thecon-

jectureof Guillemin andSternbcrg.This resultis the naturalanalogueof the following

versionof the Borel-Weil theorem.

PROPOSITION5.1. Let (X,w) be a compactKahlermanifold, [w] E H~(X,Z)

and L = L(w) aholomorphicline bundlewith first Chemclass [c1(L)] = [w]. Lct

K x X —* X be a Kähler-Poissonactionofa connectedcompactLie group. Thenthe

following conditionsare equivalent:

(1) K actstransitivelyon X

(2) I’D (X, L~) is an irreducible K -representation Vn� 0.

Proof (l)=~(2)

From theproof of Theorem2.4 it follows a fortiori that b1(X) = 0. Thus X

is a homogeneous-rationalmanifold Kr/P. Since the K -actionis Kähler-Poisson,
K” actsby Corollary4.3 on the bundlespacesL?~.Thusby theBorel-Wcil-theorem
(see[Se])all the K”-representationsI’0(X, L~)areirreducible.
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(2) =~(1)

Since w is a Hodge-form,the Kodaira-embeddingtheorem([Ko]) showsthat for
h0 >> 0, := r’0(X, L”o) embedsX holomorphicallyand K”-equivariant:

X ~ P(H~).

Let ir : H,~\{0}—4F(H~)denotethecanonicalprojection.TheconeX := ir’(X)

over X is an algebraic,quasi-affinevariety, actedupon by KCE x CE”, where CE”
denotesthehomothetiesof

Fibre coordinatedevelopmentgivesan injection

Oaig(k) C—* ~F0(X,L~bom) =: ~Wm.
m>O m�O

AssumingthatX is not (KCE x CE”)-homogeneous,wefindanon-trivial(K” x CE”)
-invariantsubspaeeof ~,n>O Wm~namelythe ideal of the smallestorbit. Since CE”

actson Wm by the character~~m(z) = ~m , this implies the existenceof a non-trivial

K”-invariant subspaceof Wm for some m ,contradictingcondition(2).

Beforeprovingthe analogousresultin themultiplicity-free case,we give anunique-

nessresulton the<<quantizingbundle>>.

LEMMA 5.2. Let X, w, L and K be as in the a’isumptionsof Proposition5.1 and

assumefurtherniore that K actsmultiplicity-freeon X. Then thebundle L isunique

up to holomorphicbundle-isomorphisms.

Proof We omitherethe standardprocedureof constructingaholomorphicline bun-

dle L from agivenintegralKählerclass [wl

By the theoremof E. Ocljeklausquotedin theproofof Theorem2.4, H’(X, 0) = 0

for i ~ 1 . Thus the longexactsequencein cohomologyassociatedto the shortexact
sequenceof sheaves:

0 —+Z —~0-*0”--+O

implies that Jfl(X,0”) .~J~2(X7) by theconnectinghomomorphism. In other

words,the topologicalChemclassalreadyfixes theholomorphicequivalenceclassof a

holomorphicline bundle. .
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THEOREM 5.3. For X, w, L and K as in the assumptionsofProposition 5.1 the

folio wing conditions are equivalent:

(1) K actsmuitiplicity-freeon X
(2) F0(X, L”) is a multiplicity-free K-representation Vn ~ 0

Proof (1) ~(2)

By Theorem2.4 X is spherical. We denotethe open K”-orbit in X by Kr/U.

Going to a finite covering,if necessary,Corollary4.3 assuresus that KCE actson L’
2

Thusthe restriction ~ K~/Uis a KCE~homogcneousline bundleon KCE/U

andby Theorem1.3 F
0(KCE/U,L’s) is a multiplicity-free KCE~represcntation.

The injectivity of the reslrictionof sections

:= F0(X,L~) 0(K/U,L)

implies that H~is a multiplicity-free Kr-module. By the identity principle this re-

mainstrue for K

(2) ~(l)

As in the proof of Prop. 5.1 we embed X in F(H~) = F(F0(X,L~~o)*)for

h0 >> 0 and considertheequivariantinjection:

Oaig(X) (_4 ~F0(X,IJ’~O ~) =: ~ Wm.
rn>O Tn>O

Since CE” acts on Wm by the characters)~m(Z) = zm condition (2) implies that

Oaig(X) is (K” x CE”) -multiplicity-free. Thusby theremarksfollowing theproofof
Lemma 1.2, every Borel subgroupof KCE x C” hasan openorbit in the affine variety

~u{0}.
Theequivarianeeof ir impliesthat X is sphericalwith respectto Kr . Therefore

Theorem2.4showsthat X is amultiplicity-free K-space. •

REMARKS. (i) By Lemma5.2,thebundlein Proposition5.1 andTheorem5.3 is unique.

(ii) In thesenseof geometricquantization,H = F0( X, L) is Xqu~tum(seee.g.

[Wo]). But evenin thecasethat.X is KCE~aImost~homogeneous,thecondition that

is multiplicity-free does not imply the same for X , i.e. the conjectureof

Guillemin andStembergis not truein theoriginal formulation.

EXAMPLE.Let K=SU(2,CE), X=F1(CE)xF2(C) and ~: K” =SL(2,CE)’.—~

SL(2, CE) x SL(3, C) ~Aut0(X), T(A) = (A, (~~)).

The orbit K” . ([I, l,0],[0, I]) is open in X ,i.e. X is almost-homogeneous.

Since the dimensionof a Borel group of K~ is two, X is not spherical. Theorem
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2.4 or explicit computationshowthat K actsnot multiplicity-free on X. The Fubini-

Study-forms Wp on F,.,( CE) defineviapullback a K-invariant Kählerstructurew :=

ir~wp+ ~r~wp ,whichrepresentstheChemform of thebundle L = ir~L~10 7r~LF2,

where L~ denotesthe hyperplanebundleon P,~(CE)
The Clcbcsch-Gordan-formulafor SU(2, C) -representations:

min{k,L)

~ ~

where Vk = CEk[zI,z2] ,togetherwiththefact

F0(X,L) ~

implies for the K-module H = [‘0(X,L) : H ~ V0 ~ V1 ~ V2 ,i.e. H is a multi-

plicity-free representation.
(iii) Since X is compact, [‘0(X, L°) = 0(X) = CE and K actstrivial on this

module. Since w is aKahlerform, [‘0(X, L~’) = 0 for n> 0. Thereforewe can

replace(2) by thesameconditionbut for all n E Z \ {0 }, indicatingthat quantization

shouldtakeinto accountnot only thequantizingbundle L butall powers L’~of it. This
seemsphysically reasonable,sinceon the classicallevel multiplying w by aconstant

factorchangestheHamiltonian flows only by a trivial reparametrization.
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